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In my first life, upon a time, in the wonderland of set-ǘƘŜƻǊŜǘƛŎ ǘƻǇƻƭƻƎȅΧ



Thanks to

ÅPhD advisor1 ςPetr Vopenka- the man who was my  
role model ςphenomenology seminar
ÅPhD advisor2 ςBohuslavBalcar ςa man who was my                    

mathematical teacher, introduced me to problems,                        
techniques, Prague traditions and contacts abroad

ÅLev Bukovskyςhis seminar in Kosice was my safe heaven, 
hideout in uncertain ǘƛƳŜǎ Χ
Å!ƭƭ Ƴȅ ŎƻƭƭŜŀƎǳŜǎΣ ǎǘǳŘŜƴǘǎΣ ŎƻŀǳǘƘƻǊǎΣ Χ 
ÅCharles University study of theoretical cybernetics ςwhole time 

in Kosice lectured Turing machines, recursive functions, 
logic ǇǊƻƎǊŀƳƳƛƴƎΣ Χ this gave me later foundation and starting 
point to my second life activities
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Outline of this talk

ÅSources and Components ςmotivations, tracks 
Åfrom Balcar Pelant Simon Baire like approach on one side and 
Åfrom Fichtengolz slow/faster converge/diverge series on the other

ÅHow did it evolve (pure topology (co-absoluteness) - series)

ÅThe (l1 , ¢* ) - (c0
+ \ l1, ²* ) horizon and ẔЉ \Љ plateau

ÅRO(c0
+ \ l1, ²*) and RO(Â(w) / fin, Ì* ) can be isomorphic

ÅBut need not always in ZFC (Fuchino, Mildenberger, Shelah, V)

ÅProblems, hypothesis

ÅHorizon, pass, sensing infinity, infinitesimals, ideological, cultural, 
technologicalΣ Χ ƘƻǊƛȊƻƴǎ
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Motivations

Å[BPS] B. Balcar, J. Pelant, P. Simon. The space of ultrafilters on N covered by 
nowhere dense sets. Fund. Math. 110 (1980), 11-24

ÅG. M. Fichtenholz, The course of differential and integral calculus, 
Fizmatgiz, Moscow, 1959(Russian)              В ὥ έВ ὦ ȟὯᴼ ¤

ÅN. N. Kholshchevnikova, Unsolvability of several questions of convergence 
of series and sequences, Mat. Z. 34 (1983), 711-718 (Russian 1981)

ÅToposym 1986 - Set-theoretic characteristic versus gaps in convergence of 
series and P(w)/fin

ÅBELASOVA, J.τEWERT, J.τSALAT, T. : On the effectiveness of tests for the 
absolute convergence of infinite series, Bull. Math. Soc. Sci. Math. R.S. 
Roumanie (N. S.) 33 (1989), 3-8.
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Iƻǿ ŘƛŘ ƛǘ ŜǾƻƭǾŜ Χ

Topology ςmore general ςare spaces 
co-ŀōǎƻƭǳǘŜ ƻǊ ƴƻǘΚ CǊƻƳ ώ.t{ϐ Χ

ÅBroverman-Weiss 82, Wiliams 
82, vanMill-²ƛƭƛŀƳǎ уоΣ Χ

Å89 Dow ςtree p-bases bN\N

ÅDordal, Laver, van DouwenΣ Χ

Å98 Shelah-Spinas

Å98 Dow RO(bR\R) ̧ RO(bN\N)  -
very similar to our approach

Å2015 Balcar-Doucha-HrusakBTP

From analysis, asymptoticsΣ Χ ǎŜǊƛŜǎΣ 
sequences, w* \ Q, 

Å85 Coplakova-V Q-points, 94 ctd., 
Toposym 96

Å92 V. A note on the effectiveness of 
tests for the absolute conv. div. of 
infinite series (Belasova-Ewert-Salat)

Å93 MAxRO(c0
+\ l1, ²* )=RO(bN\N)

Å95 Krajci-V same for finite partitions

Å99 FMSV RO(c0
+\ l1,²* ) ŖO(bN\N),  

like 98 Dow, only to keep San = ¤Χ
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.ŀƛǊŜΩǎ ǘƘŜƻǊŜƳ is about our ability to climb a horizon (speed, distance 
(method)) ςsurprise in w* - similar to collapsing algebra Coll(h, 2 )̟

ÅMatrix QÌÂ(Open(P))
ÅShattering matrix
ÅRefining matrix
ÅBase matrix
ÅDefinition [BPS]. Let P be a dense in 

itself topological space. Define 
k(P) = min{|Q|: Qis a shattering 

matrix for P}

Shift of notation k(P,t) Ą h(P,<)

ÅThe height ƻŦ ŀ ǇŀǊǘƛŀƭ ƻǊŘŜǊ όtΣҖύΣ 
h(P)shortly, is the minimal 
cardinality of a system of open 
dense subsets of Psuch that the 
intersection of the system is not 
dense. 
ÅAn equivalent definition involves 

maximal antichains: h(P)is equal to 
the minimal cardinality of a system 
of maximal antichains from P that 
do not have a common refinement.
ÅhƴŜ ǎƛŘŜŘ ƘƻǊƛȊƻƴΧ

Toposym 2016 Vojtas. Base Tree Phenomenological Horizons 6

B. Balcar, J. Pelant, P. Simon. The space of ultrafilters on N covered by nowhere dense sets. Fund. Math. 110 (1980), 11-24
B. Balcar, M. Doucha, and M. Hrusak, Base tree property, Order 32 (2015), no. 1, 69ς81



Perception: a (two sided) horizon between 
convergent and divergent  series

ÅComparison tests 

ÅWhat is stronger under eventual 
dominancean <* bn (¢* resp.)?
ÅDivergence: an <* bn is stronger
ÅConvergence: an <* bn is stronger

Å(l1 , ¢* ) directed upwards (stronger)

Å(c0
+ \ l1, ²* ) Boolean-like (topology-like) 

downwards (stronger) 

Å(c0
+ \ l1, ²* ) is not separative: 1/2n < 1/n

but there is no anÍc0
+ \ l1, an <* 1/n, s.t.

min(an, 1/2n) Íl1
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1/n

1/2n an ?



c0
+:  an²0, liman=0, San=+¤or  San<+¤

ÅEventual dominancean <* bn decides 
only topologically small sets (horizon 
is topologically large?)

Å(l1 , ¢*) directed upwards, b(l1 , ¢*) 
ZFC sensitive 

Å(c0
+ \ l1, ²* ) Boolean downwards     

t(c0
+ \ l1, ²* ) ZFC sensitive 

ÅThere is an (w1, w1
*) gap (narrow 

path)

ÅThere is base tree (broad way)
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c0
+ horizon

ÅEventual dominancean <* bn

Å(l1 , ¢* ) directed upwards, b(l1 , ¢* ) 

Å(c0
+ \ l1, ²* ) Boolean downwards 

Å(w1, w1
*) gap (narrow path), base tree 

(broad way)

ÅPlateau ẔЉ \Љƻƴ Ǉŀǎǎ Χ 

ÅExplicit language of analysis is 
countable 

ÅSet-theoretic topology can handle this 
phenomenon
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Various h(P) formulations

The following are equivalent with k< h(P)

(ºa separative quotient)

(1) RO((P,¢)/º) is k-distributive.

(2) The intersection of kopen dense 
subsets of (P,¢) that are closed under ºis 
dense in (P,¢).

(нΩύ The intersection of kopen dense 
subsets of (P,¢)/ºis dense in (P,¢)/º

(3) Every family of  maximal kantichains in 
P has a refinement.

(оΩύ Every family of  maximal kantichains in 
P/ºhas a refinement.

(4) Forcing with (P,¢)/ºdoes not add a new 
function from kto ordinals.

(5) In the following game G(P,k) the player 
INC does not have a winning strategy. 

The game G(P,k) is played in krounds, and 
the two players INC and COM choose pa

INC, 
pa

COM in the ath round such that for all a< 
b< k, 

pa
INC²pa

COM²pb
INC²pb

COM . 

In the end, player INC wins iff the sequence 
of moves does not have a lower bound in P 
or if at some round he/she has no legal 
move. 
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h(P)ςwe will use (2)

The following are equivalent with k< h(P)

(ºa separative quotient)

(1) RO((P,¢)/º) is k-distributive.

(2) The intersection of kopen dense 
subsets of (P,¢) that are closed under ºis 
dense in (P,¢).

(нΩύ The intersection of kopen dense 
subsets of (P,¢)/ºis dense in (P,¢)/º

(3) Every family of  maximal kantichains in 
P has a refinement.

(оΩύ Every family of  maximal kantichains in 
P/ºhas a refinement.

(4) Forcing with (P,¢)/ºdoes not add a new 
function from kto ordinals.

(5) In the following game G(P,k) the player 
INC does not have a winning strategy. 

The game G(P,k) is played in krounds, and 
the two players INC and COM choose pa

INC, 
pa

COM in the ath round such that for all a< 
b< k, 

pa
INC²pa

COM²pb
INC²pb

COM . 

In the end, player INC wins iff the sequence 
of moves does not have a lower bound in P 
or if at some round he/she has no legal 
move. 
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ÅBalcar-Doucha-Hrusak Base Tree 
Property - BTP

ÅIn l1 an Ẇz bn iff В
В

ᶻВ
В

is 
Boolean upwards and BTP, t(Ẇᶻ)

Å(c0
+ \ l1, ²* ) Boolean downwards BTP

ÅUnder CH areall cBA isomorph ςare 
they always? PV, PAMS 117,1 (1993, 
Toposym 1991)

ÅPresented 1990 to S. Shelah, last correc-
tion at TOPOSYM 96, Fund.Math. 1999

Con( h(c0
+ \ l1, ²* ) < h(Â(w) / fin, Ì* ) )
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Are Base Tree Phenomenological Horizon 
always (cBa) isomorph?

ΧΧΧΧΧΦΦ

S. Fuchino, H. Mildenberger, S. Shelah, and P. Vojtas, On absolutely divergent series, Fund. Math. 160 (1999), no. 3, 255ς268



ÅIn any extension obtained by the ¿2-stage countable support iteration of Mathias forcing 
over a model of CH, the complete Boolean algebra generated by the separativequotient 
of absolutely divergent series under eventual dominance is not isomorphic to the 
completion of Â(w) / fin

Claim. Intersection of Dnis not dense below b in V[G]. 
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= DH

Construction
very similar to Dow98

only problem is to keep
San = ¤



S. Fuchino, H. Mildenberger, S. Shelah, P. Vojtas, 
On absolutely divergent series, 
Fund. Math. 160 (1999), no. 3, 255ς268

ÅProof by contradiction 

ÅAssume Dnis dense below b ( in 
V[G])

ÅLet c ¢* b, c ÍẔὈ in V[G]

ÅWorking in V[Gd] 

Å¢ƘŜǊŜ ƛǎ ŀ ƴŀƳŜ ŎΩ ŦƻǊ Ŏ in  V[Gd] 

ÅUsing bÍV[Gd], define mi
bΧ

Å5ƛǎŎǊŜǘƛȊŜŘ ƴŀƳŜ ŎΩΩ ŦƻǊ Ŏ ƛƴ ŜŀŎƘ 
ώƳΩΣ ƳΩΩϐ Χ
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ShelahΥ [ŜǘΩǎ Ǝƻ ǘƻ Ŏŀǎƛƴƻ Χ
Å5ƛǎŎǊŜǘƛȊŜŘ ƴŀƳŜ ŦƻǊ ŎΩΩ ƛƴ ŜŀŎƘ ώƳΩΣ 
ƳΩΩϐ
ÅLaver property ςname c* for c in a 

narrow pipe in each yi

Åwi = ὨᶰώȡВ Ὠ ϳ here 
we care about divergence, Dow98 
need not to
ÅeÍyiĄ($¤i)(e|[ mi, mi

+1) Íwi) 
Åflip a fair coin to divide ώƳΩΣ ƳΩΩϐ Ґ 

u0Çu1, (Alon-Spencer-Erdǀs trick) 
estimate chance that a dÍwi, h=0,1

It is nonzero (large product, narrow 
ǇƛǇŜΣ Χ Ҍ ǎƻƳŜ ƳƻǊŜ ŎƻƴŘƛǘƛƻƴǎ ƻƴ mi)
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Åand c* ÎWΩ     

ÅProblem.Does ZFC decide  h(c0
+ \ l1, ¢* ) ¢h(Â(w) / fin, Ì* ) ?
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WΩ ƛǎ ǘƘŜ ōŀŘ Ǝǳȅ

WΩ ƛǎ ƻƴŜ ƻŦ 5H



Problems, hypothesis

ÅDow 98 ςRO(R*) has a certain two dimensionality ςwe say a many valued object 
of investigation ςConjecture: 
Åh(R*) ¢h(N* x N*)
Åh(R*) ¢h(R* x R*)

ÅWe can repeat this by asking h(c0
+ \ l1, ²*)¢h(N* x N*)? Rephrasing Balcar-

Hrusak: Is h(c0
+ \ l1, ²* ) ¢min(h, add(M ))?

ÅIs it ZFC consistent  RO(l1,Ẇᶻ) ḛRO(Â(w)/ fin,Ì* )? (ShelahΥ άŘƛǊǘȅ ŎƻƳǇǳǘƛƴƎέ Χ ύ
Å( with S. Krajci) ᴖ= {partitions PÌ[w]<w of ws.t.  limsup pn = +¤}, another model 

of approaching infinity
P ấQ if ("p ÍP) ($! q ÍQ  )(p Ìq)
(ᴖ, ấ) has BTP, hence under CH isomorphic to all BTP structures Problem. Is 

Con( h (ᴖ, ấ) < h(Â(w) / fin, Ì*) ) ? Probably not, it is not a many valued structure
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Problems, hypothesis ctd.
ÅFichtengolz like horizon В ὥ έВ ὦ ȟὯᴼ ¤ , both in c0

+ \ l1 and l1

ÅFlaskova / Blobner ZFC Ṳ($לÍw*)("1-1 f : N ĄN)($5Íל)(f[U] ÍꞋρȾὲ), i.e. 
there is a point behind the horizon (Analogy of covering non Q points, these can 
ōŜ ŎŀƭƭŜŘ άƘŀǊƳƻƴƛŎ Ǉƻƛƴǘǎ όŜȄƛǎǘ ƛƴ ½C/ύέΣ DǊȅȊƭƻǾ ƛƴ ½C/ !ǎȅƳǇΦŘŜƴǎƛǘȅ л-points)

ÅWhat are interesting horizon in w*? In Katetov ordering?  Rudin-Frolik order? 
Each point לÍw* is a cςpoint, order witnesses of c-pointedness by ÌΣ Χ more 
examples in Balcar ςDoucha ςHrusak in Order 2015 Base tree property

ÅMany horizons between small/big, slow/fast (ideal/filter), asymptotic create 
horizons (e.g. polynomial/exponential, degrees of computability,  P/NP, )

ÅHorizons ςone/two sided ςBaire/natural ςtwo valued/many valued ς
narrow/broad

ÅIs there a border between (l1 , ¢* ) and (c0
+ \ l1, ²* ) ? Hyperreals- is there a 

άōƻǳƴŘŀǊȅέ ōŜǘǿŜŜƴ ŎƻƴǾŜǊƎŜƴǘ ŀƴŘ ŘƛǾŜǊƎŜƴǘ ǎŜǊƛŜǎ?
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IƻǊƛȊƻƴΣ ǇŀǎǎΣ ǎŜƴǎƛƴƎ ƛƴŦƛƴƛǘȅΣ ƛƴŦƛƴƛǘŜǎƛƳŀƭǎΣΧ
ideological, culturŀƭΣ ǘŜŎƘƴƻƭƻƎƛŎŀƭΣ Χ ƘƻǊƛȊƻƴǎ
Railway sleepers, last railway sleeper 
before horizon? Do rails continue behind 
horizon?Telescope sees further/details.

Blue ridge mountains. What is on the 
other side? Is there anything?
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Approaching a horizonςspeed, distance (method)

Narrow path / climb the hill / consistency?

Pass at the horizon connectsworlds.

.ǊƻŀŘ ǿŀȅ Χ /ŀƴ ǿŜ ƳŜŜǘ in the pass?

How fast am I climbing
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Philosophical/mathematical horizons
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ÅEdmund Husserl 

ςphenomenon of horizons

ÅH. Jerome Keisler 

- infinitesimals, extension / 
transfer axiom, 

ÅPetr VopŠnka 

-semisets, prolongation axiom

ÅTopological boundary, other 
ƳŀǘƘŜƳŀǘƛŎŀƭ ƘƻǊƛȊƻƴǎ Χ



Real world horizons (Platonist, Aristotelian, physics, 
ǇƘŜƴƻƳŜƴƻƭƻƎƛǎǘΣ ŎƻƴǎǘǊǳŎǘƛǾƛǎǘΣ Χύ

ÅAre all (nontrivial, mathematical) horizons -
ÅEither directed
ÅLike ( ww, ¢* )? How many types of such horizons are 

there? Is there some spectral theorem?
ÅƻǊ ǘǊƛǾƛŀƭΣ ŎƻǳƴǘŀōƭŜΣ Χ

ÅOr Boolean/topological
Åeither (c0

+ \ l1, ¢* )  like (many valued)?
Åor (Â(w) / fin, Ì* ) like (two valued)?

Åone/both sided? Baire/natural? two valued/many valued? narrow/broad? other?

ÅPhysics - A cosmological horizonis a measure of the distance from which 
one could possibly retrieve information (Google horizon) - Particle 
horizon, Hubble horizon, Event horizon, Future horizon, optical horizon, 
ƴŜǳǘǊƛƴƻ ƘƻǊƛȊƻƴΣ ƎǊŀǾƛǘŀǘƛƻƴŀƭ ǿŀǾŜ ƘƻǊƛȊƻƴΣ Χ
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Real world horizons ctd.

ÅGoogle horizon, AI, (spiritual) ecology, 
ǎǳǎǘŀƛƴŀōƭŜΧ

Å¢ƘŜ ǳƭǘƛƳŀǘŜ ŜǾŜƴǘ ƘƻǊƛȊƻƴκǇŀǎǎ ό±ƻǇŠƴƪŀ 
is behind, some of us approaching 
closer/faster some slowerΧύ
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ÅCultural horizon, beyond human (man, 
woman) comprehension (sensing colors), 
horizons in history ς{ƛƭƪ ǊƻŀŘ ƘƻǊƛȊƻƴǎ Χ



Thank you! 

Questions? Comments?

Toposym 2016 Vojtas. Base Tree Phenomenological Horizons 24



Hated set-theory? Not at all, just pivoted to human behavior 
ŜȄǇŜǊƛƳŜƴǘǎ Χ ŎƻƳǇǳǘŜǊ ǎŎƛŜƴŎŜ ƛǎ ŀōƻǳǘ ƘǳƳŀƴ ǳǎŜǊǎ
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Χ нлмр ǎǘŀǊǘŜŘ ǘƻ ŀǘǘŜƴŘ .Φ .ŀƭŎŀǊΩǎ ǎŜƳƛƴŀǊ 
again

tƭŀǘƻΩǎ ƴŀǘǳǊŜ ƻŦ ƳŀǘƘŜƳŀǘƛŎǎ

Nature of physics ςall particles of 
same sort behave same

Nature of humans (are not particles)
- Behavior
- Recommendation
- Challenge
- Model
- Method - prototype
- Data
- Metrics
- Experiments
- contribution


