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APhD advisor PetrVo“pkaF the man who was my
role model¢ phenomenology seminar

APhD advisor2 BohuslavBalcarc a man who was m
mathematical teacher, introduced me to problems
techniques, Prague traditions and contacts abroa

ALevBukovsky his seminar in Kosice was sgfe heaven,
hideoutin uncertaini A YSa X
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ACharles Universigl study of theoreti@alberneticsg whole time
In Kosice lectured Turingachines, recursive functions,
logicLINE 3 NJ Y thiagave bndabder foundationand starting
point to my second lifactivities
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Outline of this talk

ASources an€Components; motivations, tracks
A from Balcar Pelant Simon Baire like approach on one side and
A from Fichtengolz slow/faster converge/diverge series on the other

AHow did itevolve (pure topology (cabsoluteness) series)
AThe(l, ¢*) - (c,*\ IY,2*) horizon andZ /b )\/bplateau
ARO(g"\ I1,2*) and ROA (W) /5., | *) can be isomorphic
ABut need not always in ZFRuEhing Mildenberger Shelah V)
AProblems, hypothesis

AHorizon, pass, sensing infinity, infinitesimadi®ologicalcultural,
technologicat X K2 NRA Il 2Vy a
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AG. M. Fichtenholz, The coursedifferentialand integral calcylus,_
Fizmatgiz, Moscovﬂ,959(Ru53|a)1 B « €£(B oo)hQO o

AN. N. Kholshchevnikova, Unsolvability of several questions of convergence
of series and sequencelat. Z. 34 (1983)[11-718(Russian 1981)

AToposym 1986 Settheoretic characteristic versus gaps in convergence of
series and R)/fin

ABELASOVAT EWERT,J.SALAT, T. : On the effectiveness of tests for the
absolute convergencef infinite series, Bull. Math. Soc. Sci. Math. R.S.
Roumanie (N. S.) 33 (1983-8.
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Topologyc more general; are spaces  From analysisasymptotices X a S NA ¢
col 0az2ftdziS 2NJ y 2K sadeBc¥swhQ,t { 8 X

ABrovermanWeiss 82, Wiliams  A85 Coplakov&/ Qpoints, 94ctd.,
82,vanMil2 A f Al Ya vy o Jdopggeym 96

A89 Dowc tree p-basesbN\N A92 V. Anote on the effectiveness of

tests for theabsolute conv. div. of
ADorda| Laver, valDouwer® X jnfinite series BelasoveEwertSalaj

A98 ShelahSpinas A93 MAXRO(g"\I%, 2 *)=R@bN\N)
A98 Dow RARR), ROBN\N) -  Ag5KrajciV same for finite partitions

very similar to our approach A99 FMS\RO(g"\[12*). RQbN\N),
A2015 BalcaDouchaHrusakBTP like 98 Dow, only to keefa_ =& X



. I A NB Qais abdatear abiity to climb a horizon (speed, distance
(method))¢ surprise inv* - similar to collapsing algeb@ol(h, 2' )

AMatrix Q1 A (Open(P)) Aﬁ(rg)e)hﬁig?ltzﬁth I _LJI-INJ] Al f
- - shortly, is the minima

ASha}tt_erlng mairix cardinality of asystem ofopen

ARefining matrix dense subsets of guch that the

- Intersection of the system is not
ABase matrix ' dense,

ADefinition [BPS]. Let P be a dense RAn equivalentefinition involves

tselt topqlogical >pace. Defin_e maximal antichaind)(P)is equal to
k(P) = min{R|: QIs a shattering  the mir]imalcar_dina_ligy ofa system
matrix for B of maximal antichains frorRthat
_ _ do not have a common refinement
Shift of notationk(Pt) A h(P,<) AhyS AARSR K2NRIT 2y,

B. Balcar, J. Pelant, P. Simon. The space of ultrafilters on N covered by nowhere defrsmgebdath.110 (1980)11-24
B. Balcar, M. Doucha, and M. Hrusak, Base tree property, Q&d@015), no. 1, 6881



Perception: a (two sided) horizon between
convergent and divergent series

AComparison tests
< im D AWhat is stronger under eventual
dominancea, <* b, (¢* resp)?
A Divergence:a, <* b, is stronger
A Convergencea, <* b, isstronger
A(1, ¢*) directedupwards (stronger)

A(c,"\ I, 2*) Booleanlike (topologylike)
downwards (stronger)

C2n>
A(c,"\ 11, 2*) isnot separative 1/2n < 1/n
butthere isno= | ¢cf\ I}, o <*1/n,s.t.

a, ?

min(=., 1/2n) [ 11



G- a,2 0, lima,=0,Sa,=+a or Sa ,<+o

|
MWT

AEventual dominanca, <* b, decides
only topologically small sets (horizor
IS topologically large?)

A(It, ¢*) directedupwards,b(l* , ¢*)
ZFC sensitive

A(c,"\ I}, 2*) Booleandownwards
t(q*t\ I}, 2*) ZFC sensitive

AThere is anv(,, w,") gap (arrow
path)

AThere is base tred(oad way)



C," horizon

M W-/’./L

4
o=

oA j, ,\1*“5 : a7
PowHne

AEventual dominance, <* b,
At , ¢*) directedupwards,b(lt , ¢*)
A(c,"\ I, 2*) Booleandownwards

A(w,, w,;") gap (narrow pat)) base tree
(broad way

APlateau(z /b )\Ub2y LJ & a

AExplicit language of analysis is
countable

ASettheoretic topology can handle thi
phenomenon



Varioush(P) formulations

The following are equivalent with<h(P) §4) FtorC|?g wﬁht (9)/; doles not add a new
0 a separative quotien unction fromkto ordinais
( " [0Yi Iild' b) : (ER In the following game GKP the player
(;) _'?r?((_m ) 1sk- 'Sctj;' Ut'Ve('j does not havewunnmg strategy
e intersection d open dense
éu)bset_s o(f m()m that areclgsed undeP is M‘eew\";‘gqﬁfejﬁ NC ;?%%%}vlf Crﬁgggé and
ense in

B Min the ath round such that for ak <
(H (Toe intersection ok open dense <Kk,
subsets of (R)/° is densan (Pg¢)/° p,INC2 p COM2 [y INC2 y COM

a a

QLEver y family of maximialantichainan Inthe end, player INC wiri the sequence

as arefinement. of moves does not havelawer boundin P
I(—(?) ®very family of maximé&lantichainsn  or if at some round he/she has no legal
° has a refinement move.

S. Fuchino, H. Mildenberger, S. Shelah, and P. VOjteysolutely divergengeries Fund. Math160(1999), no. 3, 256268



h(P) ¢ we will use (2)

The following are equivalent with<h(P) §4) FtorC|?g Wlliht (9)/; doles not add a new
( P Y E di g . (ER In the following game GKP) the player
(1) RO((R)/®) s k-distributive. does not havevaunnmg strategy

(2) The intersection ok open dense Thegame G(R ) is playedn k rounds, and
3‘;22?%0(&?) that are closed under is the two player NC antOM choose, N

B Min the ath round such that for ak <
(H (Toe intersection ok open dense <Kk,
subsets of (R)/° is densan (Pg¢)/° p,INC2 p COM2 [y INC2 y COM

a a

g%Ever y family of maximilantichaingn Inthe end, player INC wiri the sequence

as arefinement. of moves does not havelawer boundin P
I(—(?) Every family of maxim&l antichaingn or if at some round he/she has no legal
0 has a refinement move.

S. Fuchino, H. Mildenberger, S. Shelah, and P. VOjteysolutely divergengeries Fund. Math160(1999), no. 3, 256268



Are BasdreePhenomenological Horizon
always (cBa) iIsomorph?
ABalcarDouchaHrusak Base Tree
Property- BTP

.
Alnlta, W b, iff B is
Boolean upwards and BIEW)

A(c,*\ I, 2*) Boolean downwardB8TP
AUnder CHare all cBA isomorph are
(, they alwaysPV, PAMS 117,1993,

Toposym 1991)
(OL7 5\ k A Presentedl990to S. Shelah, last correc
tion at TOPOSYM 96und.Math 1999

B

Con(h(g\ 11, 2%) <h(A (W) /5, 1 *))

S. Fuchino, H. Mildenberger, S. Shelah, and P. VOjteysolutely divergengeries Fund. Math160(1999), no. 3, 258268



Construction
very similar to Dow9¢
only problem is to keey

Alnany extension obtained by the,-stage countable suppoiteration of Mathias forcing
over a model o€CH.the complete Booleaalgebra generated by theeparativequotient
of absolutel)dlvergent seriesinder eventual dominance is not isomorphic to the
completion ofA (w) /fIn

Suppose that b € (¢o \ £1)V1C]. There is some § < wsy such that b € V[Gs].
We choose a family (Du s M} e VI[G] such that (D, | v € wy) is an
enumeration of

(4.1) {{EE (co \ (1)VIE) Z a; < oo or Z a; < oo} ‘ H e ([;.u]“"_}v[gﬁ]}: D—I

IcH lew\H

Claim. Intersection of Psnot dense belovb in V[G]
S. Fuchino, H. Mildenberger, S. Shelah, and P. VOjteysolutely divergenderies Fund. Math160(1999), no. 3, 256268



S. Fuchino, H. Mildenberger, S. Shdta¥ipjtas,
Onabsolutely divergent series
Fund Math.160(1999), no. 3, 258268

AProof bycontradiction

% g AAssumeD, is dense belovb (in
= . VIG)
7 ~ Aletct b, cl Z'O inV[G]
S . AWorking in V[Q

AC KSNBE Aa LlinVY[GYS
AUsingbl V[G,], definem? X
ASAaONBUAT SR yI YS
wYQZ YQQ6 X

4 / f .. > - ’ . by / / f \,
X, Artute pw Ol oot wed «— need vrlictel



Agé\lééN\Eﬁ)\T SR yIYS -
P 4 A% 4

Shelaly [ =Sl maz c)Alll_a ?&cx'e_%c na%(e c*forcina

N | narrow pipein eachy.
BY== Aw={Q" @B Q j lhere

e &

o e we care about divergence,”Dow98
foed—— S R need not to
o e Adl yA@ )Elm,m) T w)

]

o e e Aflip a faircoin to dividew Y QX Q 8y T
e, WK Uo% u;, (Alon-SpencetErd s trlckz)
estimate chance that a d w;, h=0,1

B &3 ’7——__4_;"; n 1 < Z{dj | [ = L’Zh_} < E

; = = 37 S{dy [ Lem’ . m")} — 3
‘ J A

i It is nonzero (large product, narrow

LIALISZ X b az2zYS nyZ2 N
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4//2-44_1
% 2
WQ Aa (K
‘/2'“"—1 |
| |

- — f’l"; ':#.Z-h “7’42
1-( 5 : 2 a4 u©
With a real parameter in V[Gs] (namely (ug; | i € w \ {0})) we define

the set
— {d € (co \ (M)VIE |3h, e {0,1} Vi € w\ {0} (dlupn; = 0)}.

WQ A a 2‘“&’5 Sllfi?? wFeis'5

(4.15) ={d|3d eJVe< d (e Ld)}

:{d(ah( oY d<)}

icw\ {0} leuy i

Aand c*l WQ
AProblem.Does ZFC decidg(c,"\ I, ¢*) ¢ h(A (W) /., | *) ?
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Problems, hypothesis

ADow 98¢ RO(R*) has a certain two dimensionalitwe say a many valued object
of investigationg Conjecture:

A h(R*) ¢ h(N* x N¥)
Ah(R*) ¢ h(R*x R*)
AWe can repeat this by askimc.*\ I1, 2*) ¢ h(N* x NF)? Rephrasing Balcar
Hrusak IshF()cO+\ 1,2 *)yd: minm(]rg,joaddqvl)))? ( ) P ’

Alsit ZFC consistent ROW)e ROA (w)/:.,I *)? Ghelaly @ RA NI & O2 Yl

A( with SKrajc) » = {partitions P [w]¥ of ws.t. limsup p=+a }, another model
of approaching infinity

P& Qif( pl P)§'al Q )pl q)
~ &) has BTP, hence under CH isomorphic to all BTP stru€tuwkekem Is
Cor(h(~, &) <h(A (w) I+, 1 *)) ?Probably not, it is not a many valued structure

S.Y NJ t2d$ A+ 2 dhie Bdoldan ktiyicture generated byiints of. z ActaUniv.Carolin Math.Phys 36,2(1995)33--38



Problemshypothesisctd.

AFichtengolz like horizoB & &(B ® )AQ® o  bothin g*\ Itandl

AFlaskovd Blobner ZFO ($2 | wW)(" 1-1f: NA N)@5I '7)(f[U]I ' oAt ), i.e.
there Is_a point behind the horizaqinalogy of covering non Q points, these can
0S OFff SR GKINNX2YAO LIRAYIaA O6SEpomts Ay

AWhat are interesting horizon w "? In Katetov ordering? Rudkrolik order?
Each poinb | W is aapoint, order witnesses atpointedness by = m¥re
examples In BalcayDouchag Hrusak in Order 2015 Base tree property

AMany horizons between small/big, slow/fast (ideal/filter), asymptotic create
horizons (e.g. polynomial/exponentialegrees of computability, P/NP,

AHorizons; one/two sidedc Baire/naturalc two valued/many valued
narrow/broad

Als there a border betwee(, ¢*) and (g*\ I,2*) ?H perreals— Istherea = _
G02dzy RI NB¢ 0SU6SSY O2YV@ASNHEHSYUO YR RA



http://math.stackexchange.com/questions/816367/hyperreals-is-there-a-boundary-between-convergent-and-divergent-series

| 2NRA T 2y s LI aasz asSyah:
ideologicalcultur t 2 U0USOKy 2t 23

Railway sleepers, last railway sleeper Blue ridge mountains. What is on the

before horizon? Do rails continue behind . .
horizon?Telescope sees further/details.  other side? Is there anything?

19
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Approaching horizong speed, distance (method)

Narrow path / climb the hill /consistenc? . NP R gl & X infthegas® S Y
Pass at the horizomonnectsworlds. How fast am | climbing

Py -
£ _.;?f<pv B o
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Philosophical/mathematical horizons

AEdmund Husserl
¢ phenomenon of horizons
AH. JeromeKeisler

- Infinitesimals, extension /
transferaxiom,

APetr Vofonka
-semisets, prolongation axiom

ATopological boundary, other
YFOGKSYFGAOFT K2N
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Real world horizons (Platonlst Arlstotellan physms
LIKSY2YSy 2t 23A 4

AAre all (nontrivial, mathematical) horizons

A Either directed

A Like (W", ¢*)? How many types of such horizons are
there? Is there somsepectral theorem?

A2NJ GNAGAL X O2dzyial ot S=
A Or Boolean/topological

A either (g+\ I, ¢*) like (many valued)?

A or (A (W) /fin’ i *) like (tWO valued)? Black Hole in space and Point of singularity
A one/both side® Baire/natural2wo valued/manyvalued? narrow/broad®ther?

APhysics A cosmologicahorizonis a measure of the distance from which
one could possiblgetrieve information (Google horizon) Particle
horizon, Hubble horizon, Event horizon, Future horizon, optical horlzon
YSdzuNJ\yz KENJ\Izy’Z EINJQ)\qu)\le 7|
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Maraschino @@ |

Grape @ o
Orchid @
Lavender .
Camation @
Strawberry @
Bubblegum @ | pink
Magenta @)
Salmon @
Tangerine '
Cantaloupe '
Banana .
Lemon '
Honeydew .
Lime .
Spring :
Clover
Fern . S
Moss @
Flora @
Seam Foam ‘
spindrift @
Teal @ Blue
sky @
Turquoise @

ACultural horlzon beyond human (man,
woman) comprehension (sensing colors),
horizonsinhistorg{ At 1 NI R

23

Real world horizons ctd.

AGooglehorizon, Al, (splrltual) ecology,
adzaul AY I

At K S mquYrﬁé SOSYy(
IS behind, some of us approaching
closer/faster some slowet U

Orange

Yellow
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Thank you!

Questions? Comments?

Vojtas. Base Tree Phenomenological Horizons
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Hated settheory?Not at all just pivoted to humalh)ehawor
SELISNAYSYy(Ga X O02YLIzi SNI a0A Sy

tfFG2Qa yI Gddz2NBE 2

Nature of physics all particles of
same sort behave same

Nature of humans (are not particles
- Behavior

- Recommendation

- Challenge

- Model

- Method - prototype

- Data

- Metrics

- Experiments

- contribution

X Hamp &a&adFNISR G2
again
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