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Definitions

A crowded space is resolvable if it contains two disjoint dense sets
and a space is pseudocompact if every continuous function with real
values is bounded.
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Introduction

Definitions

A crowded space is resolvable if it contains two disjoint dense sets
and a space is pseudocompact if every continuous function with real
values is bounded.

These two notions were introduced by Hewitt in the 1940’s:

e E. Hewitt, A problem of set-theoretic topology, Duke Math. J. 10
(1943), 309-333.

e E. Hewitt, Rings of real-valued continuous functions, I, Trans. Amer.
Math. Soc. (1948), 45-99.
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Introduction

The notion of resolvability comes from a problem of Katétov:
Is there a Hausdorff crowded space X such that every function
f: X — R is continuous at some point ?

o M. Katétov, On topological spaces containing no disjoint dense
sets, Mat. Sib. 21 (1947), 3—12

and the next observation of Malykhin:

the answer is yes iff there exists a Hausdorff Baire irresolvable space
¢ V. I. Malykhin, On the resolvability of the product of two spaces, and
a certain problem of Katétov, Dokl. Akad. Nauk SSSR 222 (1975),
725-729
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Introduction

The notion of resolvability comes from a problem of Katétov:
Is there a Hausdorff crowded space X such that every function
f: X — R is continuous at some point ?

o M. Katétov, On topological spaces containing no disjoint dense
sets, Mat. Sib. 21 (1947), 3—12

and the next observation of Malykhin:

the answer is yes iff there exists a Hausdorff Baire irresolvable space

¢ V. I. Malykhin, On the resolvability of the product of two spaces, and
a certain problem of Katétov, Dokl. Akad. Nauk SSSR 222 (1975),
725-729

So there are well known work about resolvability on Baire spaces and
we know now that the answer to this problem is independent to ZFC
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Introduction

In the context of countable compactness Comfort and Garcia-Fereira
established in 1996 that every crowded countably compact Tychonoff
space is w-resolvable (there is an example in ZFC of a crowded
countable compact Hausdorff irresolvable space)
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Introduction

In the context of countable compactness Comfort and Garcia-Fereira
established in 1996 that every crowded countably compact Tychonoff
space is w-resolvable (there is an example in ZFC of a crowded
countable compact Hausdorff irresolvable space)

In the same paper they ask:

Is every Tychonoff crowded pseudocompact space resolvable?

¢ W. W. Comfort and S. Garcia-Ferreira Resolvability: a selective
survey and some new results, Topology Appl. 74, (1996) 149-167
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Introduction

In the context of countable compactness Comfort and Garcia-Fereira
established in 1996 that every crowded countably compact Tychonoff
space is w-resolvable (there is an example in ZFC of a crowded
countable compact Hausdorff irresolvable space)

In the same paper they ask:

Is every Tychonoff crowded pseudocompact space resolvable?

¢ W. W. Comfort and S. Garcia-Ferreira Resolvability: a selective
survey and some new results, Topology Appl. 74, (1996) 149-167

This is a natural question because every countable compact space is
pseudocompact and every Tychonoff pseudocompact space is Baire
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Introduction

In the context of countable compactness Comfort and Garcia-Fereira
established in 1996 that every crowded countably compact Tychonoff
space is w-resolvable (there is an example in ZFC of a crowded
countable compact Hausdorff irresolvable space)

In the same paper they ask:

Is every Tychonoff crowded pseudocompact space resolvable?
¢ W. W. Comfort and S. Garcia-Ferreira Resolvability: a selective
survey and some new results, Topology Appl. 74, (1996) 149-167

This is a natural question because every countable compact space is
pseudocompact and every Tychonoff pseudocompact space is Baire

The first partial solution was given by van Mill who proved that every
Tychonoff pseudocompact ccc space is c-resolvable

e J. van Mill, Every crowded pseudocompact ccc space is resolvable,
to appear.
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Introduction

We may mention something about resolvability in ccc spaces.

Yasser F. Ortiz-Castillo and Artur H. Tomita IME-USP

Crowded pseudocompact ff spaces of cellularity at most the continuum are resolvable



Introduction

We may mention something about resolvability in ccc spaces.
Casarrubias-Segura, Hernandez-Hernandez and Tamariz-Mascarta
proved with MA that every T, crowded Baire ccc space is
w-resolvable

Dorantes-Aldama showed, assuming that ¢ is less than the first
weakly inaccessible cardinal, that every T, crowded ccc Baire space
is resolvable and the existence of a crowded ccc Baire space is
equivalent to the existence of a measurable cardinal
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Introduction

We may mention something about resolvability in ccc spaces.
Casarrubias-Segura, Hernandez-Hernandez and Tamariz-Mascarta
proved with MA that every T, crowded Baire ccc space is
w-resolvable

Dorantes-Aldama showed, assuming that ¢ is less than the first
weakly inaccessible cardinal, that every T, crowded ccc Baire space
is resolvable and the existence of a crowded ccc Baire space is
equivalent to the existence of a measurable cardinal

For the following all the spaces considered are crowded and
Tychonoff
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Trees of open refinements

The first step is standard

Define a tree of nonempty open sets of X such that:
Up = {X},
U, is cellular for every a < k, and

{UeUyq: UC V}iand {cl/(U): UeclUy,1and UC V}are
infinite maximal cellular families with respect to V for every a < k
and V e U,

if {Ue : € < o} isachain, then ¢/(Usi1) C Ue.

k is the ordinal number where the construction stops
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Trees of open refinements

Fo = [Neco(Ule)] \ (Ula) for every o < « and
Fio = Nec(UUe)
A ={a <k : cof(a) =w}
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Trees of open refinements

Fo = [Neco (UUe)] \ (UUa) for every a <  and
Fio = Nec(UUe)
A ={a <k : cof(a) =w}

Observe that

k < ¢(X)*, and

if X is pseudocompact then F,, # 0 for each o € A
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van Mill's construction

By ¢(X) =w

Each open set of the tree is related to a function f : X — [0, 1], so for
each a < wy it is defined a function from X to a countable power of
[0,1]
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van Mill's construction

By ¢(X) =w

Each open set of the tree is related to a function f : X — [0, 1], so for

each a < wy it is defined a function from X to a countable power of
[0,1]

The goal

By using the metrizability of each step under w1, prove that there is a
m-net of cardinality ¢ conformed by Cantor sets.
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van Mill's construction

By ¢(X) =w

Each open set of the tree is related to a function f : X — [0, 1], so for
each a < wy it is defined a function from X to a countable power of
[0,1]

The goal

By using the metrizability of each step under w1, prove that there is a
m-net of cardinality ¢ conformed by Cantor sets.

van Mill observes that every open set is eventually divided by the tree

Yasser F. Ortiz-Castillo and Artur H. Tomita IME-USP

Crowded pseudocompact Tychonoff spaces of cellularity at most the continuum are resolvable



van Mill's construction

By ¢(X) =w

Each open set of the tree is related to a function f : X — [0, 1], so for
each a < wy it is defined a function from X to a countable power of
[0,1]

The goal

By using the metrizability of each step under w1, prove that there is a
m-net of cardinality ¢ conformed by Cantor sets.

van Mill observes that every open set is eventually divided by the tree

Cantor sets appears after w divisions of an open set because of the
pseudocompactness
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van Mill's construction

By ¢(X) =w

Each open set of the tree is related to a function f : X — [0, 1], so for
each a < wy it is defined a function from X to a countable power of
[0,1]

The goal

By using the metrizability of each step under w1, prove that there is a
m-net of cardinality ¢ conformed by Cantor sets.

van Mill observes that every open set is eventually divided by the tree

Cantor sets appears after w divisions of an open set because of the
pseudocompactness

such sets live in the images of the F, with a € A
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Main ideas

When ¢(X) > w

The van Mill's way could lead us through uncountable powers and
then we may lose metrizability.
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Main ideas

When ¢(X) > w

The van Mill's way could lead us through uncountable powers and
then we may lose metrizability. Fortunately some facts can be
translated and used:
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Main ideas

When ¢(X) > w

The van Mill's way could lead us through uncountable powers and
then we may lose metrizability. Fortunately some facts can be
translated and used:
if UC Ug<, Fe for some a < x, then U is divided by the tree
before o

Yasser F. Ortiz-Castillo and Artur H. Tomita IME-USP

Crowded pseudocompact Tychonoff spaces of cellularity at most the continuum are resolvable



Introduction ents ction Main ideas

When ¢(X) > w

The van Mill's way could lead us through uncountable powers and
then we may lose metrizability. Fortunately some facts can be
translated and used:
if UC Ug<, Fe for some a < x, then U is divided by the tree
before o
by pseudocompactness, if « e Aand {U: e U : { < a}isa
chain, then (.., Us) N Foa # 0
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Introduction ( ents on Main ideas

When ¢(X) > w

The van Mill's way could lead us through uncountable powers and
then we may lose metrizability. Fortunately some facts can be
translated and used:

if UC Ug<, Fe for some a < x, then U is divided by the tree
before a

by pseudocompactness, if « e Aand {U: e U : { < a}isa
chain, then (.., Us) N Foa # 0

Definition
Foreach n e N, let

M= {f :10,1)" — | J Ue : fis injective and f[{0,1}"] is cellular }

E<k

andletl = J,cy h-
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Main ideas

Given n, m, f € ', and g € ', we will say that g extends f if
n < mand the set {g(y) : g(y) C f(x)} is the set
{g(y) : y extends x} for every x € {0,1}".

f, g € T are compatible if they are equal or if one of them extends
the other.
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Introduction ees of open van Mill's construction Main ideas

Given n, m, f € ', and g € ', we will say that g extends f if
n < mand the set {g(y) : g(y) C f(x)} is the set
{g(y) : y extends x} for every x € {0,1}".

f, g € T are compatible if they are equal or if one of them extends
the other.

Lemma

Leta € Nand Y C X. Suppose that there are a strictly increasing
sequence of ordinals (an)nen cofinal in « and a chain of compatible
functions f, : {0,1}" — U, (Y). Then, for every sequence of ordinals
(Bn)nen cofinal in « there is a strictly increasing function ¢ : N — N
and a chain of compatible functions g : {0,1}" — U, (Y)-
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Main ideas

Given oo € A

Fix a strictly increasing sequence of ordinals («,)nen and define
C.(Y) as the set of all chains of compatible functions

{f, € T, : n € N} so that there is a strictly increasing function

¢ : N — N satisfying that f,[{0,1}"] C U, (Y) for each n € N.
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Main ideas

Given oo € A

Fix a strictly increasing sequence of ordinals («,)nen and define
C.(Y) as the set of all chains of compatible functions

{f, € T, : n € N} so that there is a strictly increasing function

¢ : N — N satisfying that f,[{0,1}"] C U, (Y) for each n € N.

By the last lemma C,, represent all the Cantor-like families in F,
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Main ideas

Given oo € A

Fix a strictly increasing sequence of ordinals («,)nen and define
C.(Y) as the set of all chains of compatible functions
{f» € T : n € N} so that there is a strictly increasing function

¢ : N — N satisfying that f,[{0,1}"] C U, (Y) for each n € N.

By the last lemma C,, represent all the Cantor-like families in F,

Observe that |C,(X)| < c(X)~
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Main ideas

Given oo € A

Fix a strictly increasing sequence of ordinals («,)nen and define
C.(Y) as the set of all chains of compatible functions

{f» € T : n € N} so that there is a strictly increasing function

¢ : N — N satisfying that f,[{0,1}"] C U, (Y) for each n € N.

By the last lemma C,, represent all the Cantor-like families in F,
Observe that |C,(X)| < c(X)~

Given a chain {f, : n € N} € C,(Y), let fi;.nemy : {0,1}* — P(F,) be
the function defined by

frty:neny (X ( ﬂf (x]n)) \ int( ﬂ fn(X|n)))

neN neN

for each x € {0,1}¥
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Main ideas

Crucial Facts:
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Main ideas

Crucial Facts:

By the definition of the tree, if x, y € {0,1}*, then

frtneny (X) N fpnemy (v) = 0iff x # y
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Crucial Facts:

By the definition of the tree, if x, y € {0,1}*, then

frtneny (X) N fpnemy (v) = 0iff x # y

Fact Il

Let X be pseudocompact and let O be an open set. If

{fr: n € N} € C,(0), then fi7.neny (x) N €l(O) # 0 for every
x € {0,1}~
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Introduction ees of open re ments van Mill's construction Main ideas

Crucial Facts:

By the definition of the tree, if x, y € {0,1}*, then

frtneny (X) N fpnemy (v) = 0iff x # y

Fact Il

Let X be pseudocompact and let O be an open set. If

{fr: n € N} € C,(0), then fi7.neny (x) N €l(O) # 0 for every
x € {0,1}~

Fact IlI

Suppose that X is pseudocompact and ¢(X) < c. If O is an open
subset contained in (J.., Fe satisfying that U (V) # 0 for every
nonempty open V C O and every £ < «, then O is resolvable
(c-resolvable)
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

by transfinite induction on A with the order type will be showed
that int( ., Fe) is resolvable when int(Uccp, Fe) # 0
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

by transfinite induction on A with the order type will be showed
that int( ., Fe) is resolvable when int(Uccp, Fe) # 0

if int(F.) # 0, then int(F,) is resolvable
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

A by transfinite induction on A with the order type will be showed
that int(Ugcn, Fe) is resolvable when int(Ucca, Fe) # 0

if int(F.) # 0, then int(F,) is resolvable
finally we must consider three cases
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

A by transfinite induction on A with the order type will be showed
that int(Ugcn, Fe) is resolvable when int(Ucca, Fe) # 0

if int(F.) # 0, then int(F,) is resolvable

finally we must consider three cases
Case |: The successor case follows from the inductive hypothesis
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

A by transfinite induction on A with the order type will be showed
that int(Ugcn, Fe) is resolvable when int(Ucca, Fe) # 0

if int(F.) # 0, then int(F,) is resolvable

finally we must consider three cases
Case |: The successor case follows from the inductive hypothesis
Casell: « = sup{§ € N\, : £ < a}.
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

A by transfinite induction on A with the order type will be showed
that int(Ugcn, Fe) is resolvable when int(Ucca, Fe) # 0

if int(F.) # 0, then int(F,) is resolvable

finally we must consider three cases
Case |: The successor case follows from the inductive hypothesis
Case Il: o = sup{¢ € A, - £ < a}. If int(Ue., Fe) # 0, then

Un<a int(UEE,\n F¢) is dense in i”t(U5<a Fe).
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

A by transfinite induction on A with the order type will be showed
that int(Ugcn, Fe) is resolvable when int(Ucca, Fe) # 0

if int(F.) # 0, then int(F,) is resolvable

finally we must consider three cases
Case |: The successor case follows from the inductive hypothesis
Case Il: o = sup{¢ € A, - £ < a}. If int(Ue., Fe) # 0, then
Uy <a int(Ugen, Fe) is dense in int( U, ., Fe). So procede by
inductive hypothesis
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

A by transfinite induction on A with the order type will be showed
that int(Ugcn, Fe) is resolvable when int(Ucca, Fe) # 0

if int(F.) # 0, then int(F,) is resolvable

finally we must consider three cases
Case |: The successor case follows from the inductive hypothesis
Case Il: o = sup{¢ € A, - £ < a}. If int(Ue., Fe) # 0, then
Uy <a int(Ugen, Fe) is dense in int( U, ., Fe). So procede by
inductive hypothesis
Caselll: Let A=, _, int(UéeAn F¢) and let Y be the family of

open subsets V of int(|J,_,, Fe) # 0 such that Us(W) # 0 for
every open W C V and every £ < A\
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

A by transfinite induction on A with the order type will be showed
that int(Ugcn, Fe) is resolvable when int(Ucca, Fe) # 0

if int(F.) # 0, then int(F,) is resolvable

finally we must consider three cases
Case |: The successor case follows from the inductive hypothesis
Case Il: o = sup{¢ € A, - £ < a}. If int(Ue., Fe) # 0, then
Uy <a int(Ugen, Fe) is dense in int( U, ., Fe). So procede by
inductive hypothesis
Caselll: Let A=, _, int(UéeAn F¢) and let Y be the family of

open subsets V of int( Ue<a Fe¢) # 0 such that U (W) # 0 for
every open W C V and every £ < \. Then

UY = int(int(Ueeo Fe) \ A).
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The proof

Sketch of the proof

Kl Consider the dense subspace | J,p Fa

A by transfinite induction on A with the order type will be showed
that int(Ugcn, Fe) is resolvable when int(Ucca, Fe) # 0

if int(F.) # 0, then int(F,) is resolvable

finally we must consider three cases
Case |: The successor case follows from the inductive hypothesis
Case Il: o = sup{¢ € A, - £ < a}. If int(Ue., Fe) # 0, then
Uy <a int(Ugen, Fe) is dense in int( U, ., Fe). So procede by
inductive hypothesis
Caselll: Let A=, _, int(UéeAn F¢) and let Y be the family of

open subsets V of int( Ue<a Fe¢) # 0 such that U (W) # 0 for
every open W C V and every £ < \. Then

UY = int(int(Uec,, Fe) \ A). So, Ais resolvable by inductive
hypothesis and the complement is dense by Fact lll

Yasser F. Ortiz-Castillo and Artur H. Tomita IME-USP

Crowded pseudocompact Tychonoff spaces of cellularity at most the continuum are resolvable



Bibliography.

B Bibliography.

owded pseudocompact Tychonoff spaces of cellularity at most the continuum are resolvable



Bibliography.

[@ F Casarrubias-Segura, F. Hernandez-Hernandez, A.
Tamariz-Mascarla, Martin’s axiom and w-resolvability of Baire
spaces, Comment, Math. Univ. Carol. 51 (3), (2010) 519-540.

A. Dorantes-Aldama Baire irresolvable spaces with countable Souslin
number, Topology Appl. 188, (2015) 16—26.

K. Kunen, A. Szymanski and F. Tall, Baire irresolvable spaces and
ideal theory, Ann. Math. Sil. (1986), no. 14, 98-107.

V. I. Malykhin, Resolvability of A-, CA- and PCA-sets in compacita,
Topology Appl. 80, (1997), no. 1-2, 161-167.

J. C. Oxtoby, Cartesian products of Baire spaces, Fundam. Math. 49
(1961), 157—-166.

O. Pavlov, On resolvability of topological spaces, Topology Appl. 126,
(2002), no. 1-2, 37-47.

) & & & &

Yasser F. Ortiz-Castillo and Artur H. Tomita IME-USP

Crowded pseudocompact Tychonoff spaces of cellularity at most the continuum are resolvable



Bibliography.

Thank you.

Yasser F. Ortiz-Castillo and Artur H. Tomita IME-USP

Crowded pseudocompact Tychonoff spaces of cellularity at most the continuum are resolvable



	Main Part
	Introduction 
	Trees of open refinements
	The van Mill's construction
	Main ideas
	The proof
	Bibliography.


