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Notations

-

For X,Y eHaus and G, H € Ab(Haus):

-

® % (X,Y):= cts functions, with compact-open topology.
® % (X,G)Is atop. group with pointwise operations.
® 7 (G,H):=%¢(G,H)Nhom(G, H).

Put T:=R/Z.

A

® G:=(G,T).

® ag: Geé IS the evaluation homomorphism,
(aa(g9))(x)=x(g)-

o |
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Four questions aboutag

f ® IS a¢ Injective?
® IS ag surjective?
® |s qn CtS?

® IS o open onto its image?

o |
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Four questions aboutag

- N

® IS a¢ Injective?
» There is a coarser Hausdorff group topology 7 on R
such that (R, 7)=0 (Nienhuys, 1971).

® |s a¢ surjective?

® |s o Cts?
® IS o open onto its image?

o |
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Four questions aboutag

- N

® IS a¢ Injective?
» There is a coarser Hausdorff group topology 7 on R
such that (R, 7)=0 (Nienhuys, 1971).

® |s a¢ surjective?

® arp(o,1) IS not onto (Auflenhofer, 1999), where
L7([0,1]):= a.e. integer funcs. in LP([0,1]), 1<p<co.

® |Ss o Cts?
® |sS a¢ open onto its image”?
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Four questions aboutag
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® IS a¢ Injective?
» There is a coarser Hausdorff group topology 7 on R
such that (R, 7)=0 (Nienhuys, 1971).

® |s a¢ surjective?

® arp(o,1) IS not onto (Auflenhofer, 1999), where
L7([0,1]):= a.e. integer funcs. in LP([0,1]), 1<p<co.

® |Ss o Cts?
s «az+ is not cts, where Z* :=(Z,Bohr topology).

® IS an open onto its image?
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Four questions aboutag

- N

® IS a¢ Injective?
» There is a coarser Hausdorff group topology 7 on R
such that (R, 7)=0 (Nienhuys, 1971).

® |s a¢ surjective?

® arp(o,1) IS not onto (Auflenhofer, 1999), where
L7([0,1]):= a.e. integer funcs. in LP([0,1]), 1<p<co.
® |Ss o Cts?
s «az+ is not cts, where Z* :=(Z,Bohr topology).
® IS an open onto its image?

s «ay IS not open onto its image for a non-locally
L convex topological vector space V. J
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Four questions aboutag

-

® IS a¢ Injective?

® IS ag surjective?

® |s qn CtS?

® IS o open onto its image?

Terminology:

® (G Is reflexive If a IS a topological isomorphism.
® (IS almost reflexive  If oz IS an open isomorphism.

o |
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Pontryagin duality for LCA
=

For L e LCA:

® LcLCA.
® [ Is reflexive.
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Pontryagin duality for LCA
-

For L e LCA:

® [cLCA.
® L is reflexive.
# |f H<L is a closed subgroup, then:

o L/H=H* and H~1/H*, where
Ht:={xeL|x(H)=0}; and
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Pontryagin duality for LCA
-

For L e LCA:

® [cLCA.
® L is reflexive.
# |f H<L is a closed subgroup, then:

s L/H~H' and H~[/H', where
Ht:={xeL|x(H)=0}; and
s if H is compact, then H+ is openin L.

o |
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or L e LCA:

Pontryagin duality for LCA

LeLCA.

L 1s reflexive.

If H <L is a closed subgroup, then:

o L/H=H* and H~1/H*, where
Ht:={xeL|x(H)=0}; and

s if H is compact, then HL is openin L.

¢(L)t=B(L) and B(L)* =¢(L), where:

s ¢(L):= connected component of 0 In L.

e B(L):={xeL|{(x)Is compact}.
|
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Observations and motivation

-

Let X € Haus and G € Ab(Haus).

-

® If ag Is Injective, then so IS ag(x ¢)-

® If ag Is an embedding, then ay(x ) IS open onto its
iImage (G being LQC implies that (X, G) IS S0).

o |
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Observations and motivation

-

Let X € Haus and G € Ab(Haus).

-

® If ag Is Injective, then so IS ag(x ¢)-

® If ag Is an embedding, then ay(x ) IS open onto its
iImage (G being LQC implies that (X, G) IS S0).

Motivation
® Is ¥(X,G) (almost) reflexive?

# What does ¢ (X, G) look like?

o |
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Hausdorff k-spaces

-

Let X, Y €Haus and G € Ab(Haus).

-

® f: X—>YIs k-cts If fii Is cts for every compact K C X.
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Hausdorff k-spaces

-

Let X, Y €Haus and G € Ab(Haus).

-

® f: X—>YIs k-cts If fii Is cts for every compact K C X.

s o IS k-continuous.

o |
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Hausdorff k-spaces

-

Let X, Y €Haus and G € Ab(Haus).

-

® f: X—>YIs k-cts If fii Is cts for every compact K C X.

s o IS k-continuous.
® X Is a k-space If every k-cts map on X Is cts.
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Hausdorff k-spaces

. N

Let X, Y €Haus and G € Ab(Haus).

® f: X—>YIs k-cts If fii Is cts for every compact K C X.

s o IS k-continuous.
® X Is a k-space If every k-cts map on X Is cts.
s If X 1s LC or metrizable, then it is a k-space.

s If X Is a k-space and Y is locally compact, then
X xY Is a k-space.

s If X Is a k-space and G Is complete, then € (X,G) IS
complete.

o |

12th Topological Symposium, Prague, Czech Republic, July 25-29, 2016 — p.5/23



Hausdorff k-spaces

L N

et X,Y e Haus and G € Ab(Haus).

® f: X—>YIs k-cts If fii Is cts for every compact K C X.

s o IS k-continuous.
® X Is a k-space If every k-cts map on X Is cts.

® X Is hemicompact If its family of compact subsets
contains a countable cofinal family (cobase).

o |
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Hausdorff k-spaces

L N

et X,Y e Haus and G € Ab(Haus).

® f: X—>YIs k-cts If fii Is cts for every compact K C X.

s o IS k-continuous.
® X Is a k-space If every k-cts map on X Is cts.

® X Is hemicompact If its family of compact subsets
contains a countable cofinal family (cobase).

s If X Is hemicompact and G Is metrizable, then
¢ (X,G) Is metrizable.

o |
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Special cases

-

Let X be a Tychonoff k-space.

® % (X,T)Is almost reflexive (Auf3enhofer, 1999).

® % (X,R)Is almost reflexive (because it iIs a complete
locally convex vector space).

® % (X,D)Is almost reflexive for every discrete group D
(because it is complete and has a linear topology).

® Thus, ¢(X,G) Is almost reflexive for every abelian Lie
group (G=R"xT* x D).

o |
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9

et X be a hemicompact k-space.

Special cases
-

¢ (X,T) Is reflexive (Aul3enhofer, 1999).

% (X,R) Is reflexive (because it is a complete metrizable
locally convex vector space).

% (X, D) is reflexive for every discrete group D (because
It IS complete, metrizable, and has a linear topology).

Thus, €(X,G) Is reflexive for every abelian Lie group
(G=R"xT*x D).

|
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Theorems (GL, 2015)

- N

o If X is a Tychonoff k-space and G € LCA, then:
s ¢ (X,G) I1s almost reflexive;

/\ /\

s ¢(X,G)~lim%(K,G/C), where K C X Is compact
and C'< (G is compact such that G/C is a Lie group.

o |
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Theorems (GL, 2015)

- N

o If X is a Tychonoff k-space and G € LCA, then:
s ¢ (X,G) I1s almost reflexive;

/\ /\

s ¢(X,G)~lim%(K,G/C), where K C X Is compact
and C'< (G is compact such that G/C is a Lie group.

# |f X is a hemicompact k-space, GeLCA, and G Is
metrizable, then ¢ (X, G) Is reflexive.
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Theorems (GL, 2015)
-

If X i1s a Tychonoff k-space and G € LCA, then:
s ¢ (X,G) I1s almost reflexive;

/\ /\

s ¢(X,G)~lim%(K,G/C), where K C X Is compact
and C'< (G is compact such that G/C is a Lie group.

If X Is a hemicompact k-space, GeLCA, and G Is
metrizable, then ¢ (X, G) Is reflexive.

If X Is compact metrizable and zero-dimensional, and
G €LCA, then (X, G) Is reflexive.

|
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k-groups of Noble (1970)
=

Let G € Grp(Haus).

-

® (G Is a k-group If every k-cts homomorphism on G is cts.
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k-groups of Noble (1970)
=

Let G € Grp(Haus).

-

® (G Is a k-group If every k-cts homomorphism on G is cts.
s If G Is a k-space, then it is a k-group.



k-groups of Noble (1970)
B -

Let G € Grp(Haus).
® (G Is a k-group If every k-cts homomorphism on G is cts.
s If G Is a k-space, then it is a k-group.

s If G is a k-space that is not LC and ¥ (G,R) Is
metrizable, then Gx%(G,R) Is a k-group, but not a
k-space. [Hint: evaluation is k-cts but not cts.]

o |
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k-groups of Noble (1970)
B -

Let G € Grp(Haus).

® (G Is a k-group If every k-cts homomorphism on G is cts.
s If G Is a k-space, then it is a k-group.

s If G is a k-space that is not LC and ¥ (G,R) Is
metrizable, then Gx%(G,R) Is a k-group, but not a
k-space. [Hint: evaluation is k-cts but not cts.]

s If H<(G Is an open subgroup, then
H Is a k-group < (G Is a k-group.

o |
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k-groups of Noble (1970)
B -

Let G € Grp(Haus).

® (G Is a k-group If every k-cts homomorphism on G is cts.
s If G Is a k-space, then it is a k-group.

s If G is a k-space that is not LC and ¥ (G,R) Is
metrizable, then Gx%(G,R) Is a k-group, but not a
k-space. [Hint: evaluation is k-cts but not cts.]

s If H<(G Is an open subgroup, then
H Is a k-group < (G Is a k-group.

» Product of an arbitrary family of k-groups is a
k-group.

o |
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Theorem (GL, 2016)
=

If X Is a compact Hausdorff space such that (X, T) (or
equivalently, 71(X)) is divisible and G is LCA, then:

-

® % (X,G)Is a k-group; and
® % (X,G) Is reflexive.

o |
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Theorem (GL, 2016)
=

If X Is a compact Hausdorff space such that (X, T) (or
equivalently, 71(X)) is divisible and G is LCA, then:

-

® % (X,G)Is a k-group; and
® % (X,G) Is reflexive.

If X is compact and zero-dimensional, then 7!(X)=0, and
In particular, divisible. Thus:
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Theorem (GL, 2016)
=

If X Is a compact Hausdorff space such that (X, T) (or
equivalently, 71(X)) is divisible and G is LCA, then:

-

® % (X,G)Is a k-group; and
® % (X,G) Is reflexive.

If X is compact and zero-dimensional, then 7!(X)=0, and
In particular, divisible. Thus:

# If X is compact Hausdoff and zero-dimensional, and
G €LCA, then (X, G) Is reflexive.

o |
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|dea of the proof
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Redaction 1
N -

Let GeLCA and X compact Hausdorff.

® G=R"xH,where H contains a compact open
subgroup.

® C(X,G)=EF(X,R)"xE(X,H).
® ¢ (X,G)ak-group < % (X, H) a k-group.

Thus, WLOG, G contains a compact open subgroup.

o |
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Redaction 2

-

fLet G € LCA with a compact open subgroup O, and
X compact Hausdorff.

® ¢(X,0)I1s an open subgroup of €(X,G).
® ¢ (X,G)Isak-group < % (X,0) Is a k-group.

Thus, WLOG, G Is compact.

o |
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Redaction 3

-

fLet G be a compact abelian group and X a compact
Hausdorff space such that € (X, T) is divisible.

® D:= the divisible hull of G.
® ¢: 6(X,D)—€(X,G) is onto.
#® |t suffices to show that:

s ¥(X,D)is a k-group; and
s ¢ IS a quotient map.

o |
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Special case

- N

If G is compact abelian with G divisible and X is compact
Hausdorff, then:

®» G=@D,, where D,~Q or Z(p>) (countable).
o G=T]D,.
® F(X,G)2[[¥(X,D,)is a k-group, because:

s each D, is metrizable.

o |
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Main Lemma

L N

# X be compact Hausdorff such that C(X,T) is divisible;

et

#® ( acompact group; and
#® H a zero-dimensional subgroup.

Then
q: € X,G)— € (X,G/H)

IS a quotient map.

o |
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Applications: Answers to
Gabriyelyan’s problems
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50(G) and §(G)
-

Let / be discrete, and put I, :=1U{x} (compactification).

-

® F1G):={(g:)ier |limg; =0}, with the uniform topology.
o 3 (G):={(g:)ier|{g:} precomp}, with the uniform top.

o |
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50(G) and §(G)
-

Let / be discrete, and put I, :=1U{x} (compactification).

-

® F1G):={(g:)ier |limg; =0}, with the uniform topology.
o 3 (G):={(g:)ier|{g:} precomp}, with the uniform top.
® €I, G)=FU@)OG and € (BI,G) 2 F.(G).

o |
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50(G) and §(G)
-

Let / be discrete, and put I, :=1U{x} (compactification).

-

® F1G):={(g:)ier |limg; =0}, with the uniform topology.
o 3 (G):={(g:)ier|{g:} precomp}, with the uniform top.
® €I, G)=FU@)OG and € (BI,G) 2 F.(G).

® % (K,G) Is reflexive for all compact zero-dimensional K
and G €LCA, and thus so are §.(G) and . (G).

o |
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50(G) and §(G)
-

Let / be discrete, and put I, :=1U{x} (compactification).

-

UG :={(g:)ier |lim g; =0}, with the uniform topology.
FL (@) :={(9:)ier|{g;} precomp}, with the uniform top.
€ (10, G) TG DG and €(BI,G) =2FL (G).

% (K,G) Is reflexive for all compact zero-dimensional K
and G €LCA, and thus so are §.(G) and . (G).

If G is metrizable, then 3 (G) and §._(G) are reflexive.

© o o ©

°

o |
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- N

ldeas of the proof: almost reflexivity
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Limits

- N

® (G €Grp(Haus) has No Small Subgroups (NSS) if there is
U e N (G) such that U contains only the trivial subgroup.

o |
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Limits

- N

® (G €Grp(Haus) has No Small Subgroups (NSS) if there is
U e N (G) such that U contains only the trivial subgroup.

#® For GeLCA, the following are equivalent:
s (GG IS NSS;
s (G Is a Lie group;
s G=R"xT*x D, where D is discrete; and
s G is compactly generated.

o |
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Limits

- N

® (G €Grp(Haus) has No Small Subgroups (NSS) if there is
U e N (G) such that U contains only the trivial subgroup.

#® For GeLCA, the following are equivalent:

s (1S NSS;

s (Is a Lie group;

s G=R"xT*x D, where D is discrete; and
s G is compactly generated.

Let X be a Tychonoff k-space and G € LCA.

® G=limG/C, where C'is compact and G/C' is NSS.

o |
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Limits

- N

#® For GeLCA, the following are equivalent:

» (1S NSS;

s (G Is a Lie group;

s G=R"xT*x D, where D is discrete; and
s G is compactly generated.

Let X be a Tychonoff k-space and G € LCA.

® G=limG/C, where Cis compact and GG/C' is NSS.

® ¥(X,G)=lim%(K,G/C), where K C X Is compact and
C' <G is compact such that G/C'is NSS.

o |
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Dually embedded limits
B -

® For Ge€Ab(Haus), a subgroup H IS dually embedded In G if
incy : G— H is surjective.



Dually embedded limits
B .

® For Ge€Ab(Haus), a subgroup H IS dually embedded In G |
incz: G — I is surjective.
s Every open subgroup is dually embedded.
s Every subgroup of an LCA is dually embedded.

o |
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Dually embedded limits
B .

® For Ge€Ab(Haus), a subgroup H IS dually embedded In G |
incy : G— H is surjective.

Let {G, }ocr b€ an inverse system of abelian groups
(for every o, 3 €1 there is v I such that v <a, 5). Put:

® P=|[G,and n,: P—G,;
® G=limG,.

o |
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Dually embedded limits
B .

® For Ge€Ab(Haus), a subgroup H IS dually embedded In G |
incy : G— H is surjective.

Let {G, }ocr b€ an inverse system of abelian groups
(for every o, 3 €1 there is v I such that v <a, 5). Put:

® P=|[G,and n,: P—G,;
® G=limG,.

If 7,(G) Is dually embedded in G, for every a €1, then:

® G is dually embedded in P and limG, — G is onto;

L ® |If each GG, Is almost reflexive, then so is G. J
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Dually embedded limits
=

Let {G,}acr be an inverse system of abelian groups
(for every o, 3 €1 there is v 1 such that v <a, 5). Put:

-

® P=]]G,and n,: P—Gg;
® G=limG,,.

If 7,(G) Is dually embedded in G, for every a €1, then:

® G is dually embedded in P and lim G, — G is onto;
® If each GG, Is almost reflexive, then so is G.

Hence, it suffices to show that the image of (X, G) Is open
in ¢(K,G/C) for KCX and C' <G compact, and G/C NSS.

o |
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The Lie algebra and the exponential maj

. N

For G € Grp(Haus):
® Z(G):=R,G);
® expg:=evy: Z(G)— G Is acts homomorphism.
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The Lie algebra and the exponential maj

. N

For G € Grp(Haus):
® Z(G):=R,G);
® expg:=evy: Z(G)— G Is acts homomorphism.

If X Is a k-space, then:

® Z(FX,G)=/HR,%(X,G))=2?(X,7ZR,G))
=% (X,Z(G)) [because X xR Is a k-space].

» (eXpG)*:eXp%ﬂ(X,G): %(X,D%(G))—)CK(X, G)

o |
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The Lie algebra and the exponential maj

. N

For G € Grp(Haus):
® Z(G):=R,G);
® expg:=evy: Z(G)— G Is acts homomorphism.

If X Is a k-space, then:

® Z(FX,G)=/HR,%(X,G))=2?(X,7ZR,G))
=% (X,Z(G)) [because X xR Is a k-space].

» (eXpG)*:eXp%(X,G): %(Xag(G))_)Cg()Q G)

If K is compact and H i1s LCA and NSS, then:
® expy IS a local homeomorphism; and thus

L ® (expp )« =expg (i ) NAS @n open image. J
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A commutative diagram

fFor X €kTych, K C X compact, GeLCA, and C <G compactj
such that G/C' i1s NSS:

(X, 2(G) 2T g (X, £(G/C)) (K, 2(G/C))

(expg )+ (eXPG/c)*

C(X,G)— " @(X.G/0)—"E L G(K,G/C)

® (expg/c)« has an open image;
® R’ is onto by Tietze's Theorem, because .Z(G/C)=R/;

® Z(mc). is onto, because ¥ (X, Z(G))=# (G, 6 (X,R)),
_ ©(X.R)is divisible, and G/C'=C is open in ¢, N
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o

[2]
[3]

[4]
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